Expectation and Variance

Sunthud Pornprasertmanit
Texas Tech University




Outline

Reasons to study
Basic formulas
Examples



Reasons to study

In many statistical packages, outputs do not
provide all information we need (e.g., model-
implied variance of dependent variables)

We need to calculate it but books only
provide simple form that does not match
what we need.

We need to derive the expectation or
variance of some variables or statistics by

ourselves.



Reasons to study #1

SEM packages provide features to use
parameter estimates to calculate desired
statistics. However, we need to know a
proper equation.

For example, total dependent variable
variance is needed because it is used to
calculate coefficient of determination.



Reasons to study #2

Sometimes, simulation design requires us to
manipulate some characteristics that cannot
be plugged in equations directly.

For example, communalities are required to
manipulate the strength of association
between indicators and factors.



Reasons to study #3

We can use this knowledge to derive
statistical formula or biases in parameter
estimates to understand the mechanism
behind statistical tests.

For example, derive the reliability coefficient
from factor analytic model.

Or, at least, we can understand derivations in
method papers.



Expectation

In random sampling, statistics varies across
samples, also known as sampling error.

The expected value is the average of statistics
across samples where the number of drawn

approaches infinity.



Expectation

Expected value is the average of
statistics from all possible samples.

All-possible samples /

In unbiased estimates, E(S) = P.
However, it is not always be the case.



Expectation

Let X and Y be random variables and c be a
constant

E(cX) = cE(X)
E(X+c)=EX)+c

EX+Y)=EX)+E(®Y)

E(c) =c



Expectation

For example, find the expected value of X
_ 1
E(X)=E (N(Xl + X5 + - -I-Xn))

1
= N(E(Xl) + E(X,) + -+ E(Xn))

Because X is independent and identically distributed
1
= (NE(X)) = E(X)
E(cX) = cE(X) EX+Y)=EX)+ E(Y)



Variance

The variability of statistics across samples is
called variance. The square root of this
variance is referred to standard error.

This is basically the same concept as the
variance of a variable such that statistics is
one random drawn from a variable.
However, the square root of the variance of a
variable is called standard deviation.



Variance

Variance is the measure of variability of
statistics from all possible samples.

All-possible samples /

The property of a good parameter estimate is that
Var(S) should be as low as possible.



Covariance

The covariance is the measure of covariation
of two statistics.



Covariance

All-possible samples

In this example, we find Cov(S_, S.)



Variance

Let X and Y be random variables and cbe a
constant

Var(cX) = c*Var(X)
Var(X + ¢) = Var(X)
Var(X+Y) =Var(X) + Var(Y) + 2Cov(X,Y)

Var(c) =0



Covariance

Let X, Yand Z be random variables and a and
b be a constant
Cov(aX,Y) =a-Cov(X,Y)
Cov(X,bY) =b - Cov(X,Y)
Cov(X+a,Y) =Cov(X,Y)
Cov(X,Y +b) =Cov(X,Y)
Cov(X+Y,Z) =Cov(X,Z)+ Cov(Y,Z)
Cov(X,Y+Z7Z) =Cov(X,Y) + Cov(X,Z)



Covariance

Let X, Yand Z be random variables and a and
b be a constant

Cov(X+Y,Z+W)
= Cov(X,Z) + Cov(Y,Z) + Cov(X,W) + Cov(Y,W)

Cov(a,Z) =0



Covariance

To find the covariance of two summed scores

X

Z

Cov(X,U) Cov(X,V) Cov(X, W)
Cov(Y, U) Cov(Y,V) Cov(Y,W)
Cov(Z,U) Cov(Z,V) Cov(Z, W)

Sum of all cells

Covi(X+Y+ZU+V+W)
= Cov(X,U) + Cov(X,V) + Cov(X,W)

-Cov(Z,U) -

-Cov(Y,U) + Cov(Y,V) + Cov(Y,W)

- Cov(Z,V) -

- Cov(Z, W)



Variance

For example, find the variance of X

_ 1
Var(X) = Var (N X{+X,+-+ Xn)>

=$@X1+X2+‘D

Var(cX) = c*Var(X)




Variance

For example, find the variance of X
Var(X, + X, + -+ Xp,)

X1 Cov(X1, X1)=6av(Xa1, X2) Cov(Xz, X3) Cov(X1, X4) Cov(Xa, Xg)
X2 Cov(X2, R=Lov(X2, X2)=&au(X2, X3) Cov(X2, X4) Cov(X2, Xg)
X3 Cov(X3, X1) Cov(X3, Ra==Lov(X3, X3)=&au(X3, X4) Cov(X3, X5)
X4 Cov(X4, X1) Cov(Xg4, X2) Cov(Xg4, X33==Lov(X4, X4)—&av(X4, X5)
X5 Cov(Xg, X1) Cov(Xg, X2) Cov(Xg, X3) Cov(Xs5, Xg3==CoVv(Xs, Xg)

Covariance to itself = variance

Because each trial is independent and identically distributed,
1. Cov(X;, X;) =0 if i #
2. Var(X,) = Var(X).



Variance

For example, find the variance of X
Var(X, + X, + -+ Xp,)

X1 Var(X) o) o) 0 0
X2 0 Var(X) 0 0 0
X3 o) 0 Var(X) 0 0
X4 o) o) o) Var(X) 0
X5 0 o) 0 0 Var(X)

Var(X; + X, + -+ X,,)) = NVar(X)



Variance

For example, find the variance of X
_ 1
VaT(X) = Var (N (Xl + Xz + -+ Xn)>

1
—_ mVaT(Xl ~+ Xz + -+ Xn)
Var(X)

N

= %(NVar(X)) =



Covariance

For example, find the covariance of X and Y

_ 1 1
Cov(X,Y) = Cov (ﬁ X;+ X, + - +Xn),N(Y1 + Y+ + Yn)>

1
—_ FCOU(X]_ + X2 + .-+ XTU Y1 + YZ + -+ Yn)

Cov(aX,Y) =a: - Cov(X,Y)
Cov(X,bY) =b:Cov(X,Y)



Covariance

COU(X]_ +X2 + .- +X’I’l' Yl + YZ + e 4 YTL)

X1 Cov(Xz, Y1) ™&ay(X1,Y2) Cov(Xz,Y3) Cov(Xz Ys) Cov(Xz, Ysg)
X2 Cov(XZ,F-Cov(X2,Y2) ™&auy(X2,Y3) Cov(X2,Y4) Cov(X2,Yx)
X3 Cov(X3, Y1) Cov(X3,F == Cov(X3,Y3) ™&awX3,Y4) Cov(X3,Y5)
X4 Cov(X4, Y1) Cov(Xg4,Y2) Cov(X4, 7 =3=Cov(X4, Y4) ~&aXy, Y5)
X5 Cov(Xs5, Y1) Cov(Xg,Y2) Cov(Xg,Y3) Cov(X5, F=Cov(Xs, Y5)

Because each trial is independent and identically distributed,
1. Cov(X;,Y;) =0 if i #j
2.Cov(X,,Y,) = Cov(X,Y).



Covariance

COU(X]_ +X2 + - +XTU Yl + YZ + -4 Y?’l)

X1 Cov(X,Y) 0 0 0 0
X2 0 Cov(X,Y) o) 0 0
X3 0 0 Cov(X,Y) 0 0
X4 o) 0 0 Cov(X,Y) 0
X5 0 0 0 0 Cov(X,Y)

Cov(Xy + Xy + -+ X, Vi + Yy, + -+ V) = N(Cov(X,Y))

Cov(X,Y)
N

Cov(X,Y) = %(NCOU(X, Y)) =



Example: Simple Regression

Simple Regression
Y = IBO + ,81X + e

Find Var(Y)

Var(Y) =Var(f, + [, X + e)
= Var(f,X + e)
= Var(f,X) + Var(e) + 2Cov(f.X, e)
= fiVar(X) + Var(e)



Example: Simple Regression

In simple regression, specify standardized
regression = .3, .5, and .7. Find residual
variance.

Fix Var(X) =1andVar(Y) =1
Var(Y) = piVar(X) + Var(e)
1 =p7+Var(e)
Var(e) =1 — 7 5 75



Example: Multiple Regression

Multiple Regression with Three Predictors
Y=,80+181X+ﬁ22+ﬁ3W+e
Find Var(Y)

Var(Y) =Var(fy + 1 X + [2Z + [sW +e)
=Var(f:X + (,Z + [sW + e)



Example: Multiple Regression

b1 b2 b3
pr1X BiVar(X) B1B,Cov(Z,X) BifsCov(W,X) 0
B2Z  p1B2Cov(Z,X) p;Var(Z) B2B3Cov(W, Z) O
BsW  B1fsCov(W,X) B,p3Cov(W,Z) BsVar(W) O

e 0 0 0 Var(e)

Var(Y) = piVar(X) + psVar(Z) + piVar(W) + Var(e)
+25,6,Cov(Z,X) + 20,3;Cov(W,X) + 23,;Cov(W, Z)



Example: Multiple Regression

Find the confidence interval of adjusted R?

Need to write equation of adjusted R? and use
SEM package to estimate SE

MPLUS Script

. n—1 Y ON X (b1)
R°=1-(1-R?% Z (b2)
n—p-—1 W (b3);
Y (ve); X (vx); £ (vz); W (vw);
X WITHW (cxw);

W WITH Z (cwz);




Var(Y) = piVar(X) + psVar(Z) + piVar(W) + Var(e)
+25,6,Cov(Z,X) + 20,3;Cov(W,X) + 23,5;Cov(W, Z)

MODEL CONSTRAINTS;
new(varxs, vary, r2, adjr2);

varxs = (b1/A2)*vx + (b272)*vz + (b3/2)*vw

+ 2%*ba*ba*cxz + 2*b1*b3*cxw + 2*b2*b3*cwz;
vary = varxs + ve;
r2 = varxs/vary;

adjr2 =1-(1-r2)*(200 —1)/(200 -3 —1); MPLUS Script

Y ON X (b1)
Z (b2)
W (b3);
Y (ve); X (vx); Z (vz); W (vw);
XWITHW (cxw);
XWITH Z (cxz);
WWITH Z (cwz);




Example: Simple Mediation

Simple Mediation model
M = il + aX + d
Y:iz‘l‘bM“C,X‘l‘e

Find Var(Y) fromVar(X),Var(d), and
Var(e)

Y=i,+b(iy+aX+d)+c'X+e
=i,+i;b+abX+bd+c'X+e




Example: Simple Mediation

Mediation model

Var(Y) =Var(i, +i;b+abX+bd+c'X +e)
= Var((ab +c)X + bd + e)

X, d, and e are independent

Var(Y) = Var((ab + c’)X) + Var(bd) + Var(e)
= (ab + c")*Var(X) + b*Var(d) + Var(e)




Example: Simple Mediation

Find the confidence interval of standardized
indirect effect

Need to write equation of the standardized
indirect effect and use SEM package to estimate

oE MPLUS Script
Ox Y ON X (cprime)

0 =ab— M (b);

Oy M ON X (a);

Y (ve); M (vd); X (vx);



Var(Y) = (ab + ¢)*Var(X) + b*Var(d) + Var(e)
MODEL CONSTRAINTS:
new(vary, theta);

vary = ((a * b + cprime)”2) * vx + (bA2)*vd + ve;
theta=a * b * sqrt(vx /[ vary);

MPLUS Script

Ox Y ON X (cprime)
0 =ab— M (b);
Oy M ON X (a);

Y (ve); M (vd); X (vx);



Example: Probing Interaction

Probing Interaction

Y:b0+b1X+bzz+b3XZ+e
Y = (bo + sz) + (bl + b3Z)X + e
Y = bO|Z=Z + b1|Z=ZX1 + e

Find the SE of the slope of Xat Z =~

Var(131|zzz) = Var(Bl + 1332)
— VaT(Bl) + ZZVClT'(Bg) + ZZCOU(B]_, Bg)



Example: Probing Interaction

robing the following result

> set.seed (123321)
> R <- matrix{c{l, 0.5, 0.5, 1), nrow = 2) .
> X <- MASS::mvrnorm (100, rep(0, 2), R) F d h | p fY X / =
>y <- 0. ~*>f[, 1%%[, 2] +Frn-:-rm{iGD,FG, 1) N t e slope o on at 1
> ¥ <- data.frame (X, v)
> C 1 "_,:-.. es‘:f} _‘:_ J—.{ITXHr ”Z", nyn}
> out <- lm(y ~ x*z, data = X) 'R D .
 Sumnary (out) Need Cov| b4, b3 ) which can be
Call: . .
Im(formula = ¥ o~ X * z, data = ¥) found by USIng the VCOV funCtlon
Residuals:

Min 1Q Median 3Q Max
-2.31714 -0.53€13 0.03%31 0.545%5 2.3431¢6
Coefficients:

Estimate sStd. Error t wvalue Pr(>|t])

(Intercept) 0.15281 0.10202 1.4%8 0.137
X -0.0366% 0.1034e¢ -0.355 0.724
z -0.04022 0.10432 -0.38¢ 0.701
XiZ 0.52955 0.0e6de 7.968 3.31le-12 **%*

Signif. codes: 0 Y***r (Q_,001 ‘“**#7 0.01 **’ 0.05 *." 0.1 + " 1

Residual standard error: 0.9177 on 96 degrees of freedom
Multiple R-squared: 0.428, Adjusted R-squared: 0.4101
F-statistic: 23.95 on 3 and 96 DF, p-value: 1.18le-11



> set.seed(123321)
> R <- matrix(c(l, 0.5, 0.5, 1), nrow = 2)
> X <— MASS::mvrnorm(l00, rep(0, Z), R)
>y <- 0.5%X[,1]1*¥[,2] + rnorm(100, 0O, 1)
> X <- data.frame(X, V)
> colnames (¥) <- c("x", "z", "y")
= out <- lm(y ~ x*z, data = X)
> summary (out
call: = Var(b,) + z*Var(bs) + 2zCov(by, b3)
lm(formula
| 0.107 + (12)0.0044 + 2(1)0.0009
Residuals:
Min 0.1616
-2.31714 -
Coefficients:
Estimate Std. Error t value Pr(>|t])
(Intercept) 0.15281 0.10202 1.498 0.137
X -0.03669 0.1034e¢ -0.355 0.724
z -0.04022 0.10432 -0.386 0.701
XiZ 0.52955 0.0cede 7.968 3.3le-12 **%

Signif. codes: 0 ‘***r (0,001 “**' Q.01 ‘*" 0.05 *." 0.1 v+’ 1
Residual standard error: 0.9177 on 96 degrees of freedom
Multiple R-sguared: 0.428, Adjusted R-squared: 0.4101
F-statistic: 23.95 on 3 and %6 DF, p-value: 1.181e-11

> wcowv (out)

(Intercept) X z XizZ
(Intercept) 0.010407520 -0 00020426 .0015173775 —-0.0028877685
x ~0.000204357 10057001807 00009204431
z 0.001517377 —0.OUSTIIIEDT  0.0108831422 _0 0007072 ‘
x:iz ~0.002887769 .DDD?87343



Example: Reliability

Derive the reliability coefficient (p) from CFA

Xi' =Ti' +€ij ZA'Fi +€ij

Ji
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Example: Reliability

Derive the reliability coefficient (p) from CFA




Var(T;)
Var(Y;)
Var(F- Z]._ A-)

Var(FiZ A +Z] 1311)
- (Zf 111) Var(F;)
(Z] ; j) Var(Fl-)+Z§=1Var(eij)

p:

Fis independent from all error terms and
all error terms are independent from each other.



Example: Reliability

For example, design conditions in CFA are as
follows:

Reliability: .7, .8, and .9

# of items: 4, 6, and 8

Factor loadings (1) and error variances (o%) are
equal across groups.

dentification: factor variance is setto 1
ndicator variances are setto 1

ind 1 and o? at each condition



Equal factor loadings and equal error variances

111/7() o Uv?

p =

(- 1) }%fﬂz Var(ey) UM HIO

Given that indicator variances is setto 1

Va'r(X]) — Var(AjFi + gij) = AJZVCI,T'(FL) + Var(gij)

1=1+4+0>>0>=1-17



Therefore,

B ]ZAZ B ]2/12 B ]AZ
S22 4 J(1 =A%) J2A2—JA%2 4] JA2—22+1

p

That is,

= P and |g?2=1-2°




Reliability | Number of A
Iltems
4 .607 .632

-/

7 6 .529 720
7 8 475 774
.8 4 .707 .500
.8 6 .632 .600
8 8 577 .667
.9 4 .832 .308
.9 6 775 400
.9 8 728 470

’I|\



Thank you

Please leave your questions on the comments on this video. Your questions
will be very useful for me and other viewers.




